AOB8 199 CALIFORNIA UNIV BERKELEY OPERATIONS RESEARCH CENTER F76 1272
A DUALITY THEOREM IN PRODUCTION CORRESPONDENCES. (U)
JUN 80 K MAK N00010-76-C-013~
UNCLASSIFIED ORC-80-1S5

END
oate
FitNED




| F

= i)

"I" 10 %0 Rz

-l
L "
= fle
Mizs. s pee

MICROCOPY RESOLUTION TEST CHART

ALK AL 0.



ORC 80-15
JUNE 1980

A DUALITY THEOREM IN PRODUCTION CORRESPONDENCES

by
KING-TIM MAK

@y
op)
r~{
Q0
v o)
()
<t
Q
<C

OPERATIONS
RESEARCH
CENTER

”

Y,

Approved for Public releqge;
Distribution Unlimjted ‘
2 TNimite —]

IVERSITY OF CALIFORNIA . BERKELEY

POC L cop

4
I
'}
{



= : 3 O G 5 < = g
A i e L i T i 5 e ARG T R O A PO LB
e -.&xmg\..&mmu ainisyaina i i iy R ,“!nv:.s v.u. =

e A st 63 T e

A DUALITY THEOREM IN PRODUCTION CORRESPONDENCES
by

King-Tim Mak
Operations Research Center
University of California, Berkeley

AN

JUNE 1980 ORC 80-15
This research has been partia
Foundation under Grant MC§-
under Contract N0001l4~-76-C-
Reproduction in whole or in
United States Government.

11y supported by the National Science
7716054 and the Office of Naval Research
0134 with the University of California.
part is permitted for any purpose of the




. b h- et A NN e A 0 Ml S AN "&M‘:ﬂ-&'&“w;,;;:4}.)'L—;.s&im{*&ﬁiim‘f"i“v‘wﬁ%wi“: R Y

— e veen om s e o 2 - . .- T e,

Unclassified %
. SECURITY CLASSIFICATION OF THIS PAGE (When Data En!.r'od)
1 REPORT DOCUMENTATION PAGE o pREAD INSTRUCTIONS
; N mw-] 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
ﬂ D= AD-4o58 /92| .
3 4. _TITLE (and Subtitle) S. ;LYPE-OF RERORT & RERIOD COVERED
3 . s
: {65_*“ : © .| | Research pert,
}-4 A DUALITY THEOREM IN_ERODUCTION QORRESPONDENCESal e
] # he & - e 4 6. PERFORMING ORG. REPORYT NUMBER
e et aren s e emes teae e o o e e bs o e ,._..,._._,__‘______‘

7. AUTHOR(s)

- //ﬂvutvf‘ 7 le S = /1 "
/ King-'l‘im/ Mak U{,F - Mcs“lifbsa f
rff9M -
/D~*‘
9. PERFORMING ORGANIZATION NAME AND AQDRESS 10. R A L N N T e s | ASK
Operations Research Center Y
University of California

Berkeley, California 94720

1. CONTROLLING OFFICE NAME AND ADODRESS (‘i - 1L REPORT DATE /\{FN' ?
National Science Foundation il June=®980 /2y 21
1800 G Street ~ [13. NUMBER OF PAGES
Washington, D.C. 20550 20

14. MONITORING AGENCY NAME & ADDRESS(if different from Controlling Olfice) 15. SECURITY CL ASS. (of this report)

Unclassified

18a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE

. DISTRIBUTION STATEMENT (of this Report)

®

Approved for public release; distribution unlimited.

7. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

Also supported by the Office of Naval Research under Contract
N0OO14-76-C-0134. v

19. KEY WORDS (Continue on reverse side if necessary and identily by block number)

Homogenous Functions
Star-shaped Sets
Shephard's Weak Axioms
Distance Functions

Generalized Cost Functions
20. ABSTRACT (Continue on reverse side If necessary and identify by block number)

(SEE ABSTRACT)

FORM i

0D 1473
1JAN T3 Unclassified d
SECURITY CLASSIFICATION OF THIS PAGE (When Dets Entered)

205




e e S i, MR A SRR 2 e T g e kNS
R T VI P S

s e, S el i S b ok it i e -l 2w s

ACKNOWLEDGEMENTS

The author gratefully acknowledges the many helpful comments of Professor
Ronald W. Shephard, and the encouragement of Professor Rolf Fire.

el B




TN

[

T N AR AN - e

PP

i £ IS B B TN TN

ABSTRACT

f
A generalized cost function is introduced in this report. Using this
notion of cost, a theorem on the duality between the cost and distance
functions of production correspondences is derived without the usual
assumptions of strong-disposability of inputs nor the convexity of

input sets.
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A DUALITY THEOREM IN PRODUCTION CORRESPONDENCES
. by
King-Tim Mak

1. INTRODUCTION

e e R S s+ e S hl

Since its first rigorous treatment by Shephard {1953], the duality
between the cost and production functions has been extensively investigated
(for a survey, see Diewert [1978]). The corresponding duality theory for
production correspondences was investigated by Jacobsen [1970] and Shephard
[1970]. Almost all the duality results were derived under the assumptions
of strong-disposability of inputs and convexity of the input level sets.
However, as indicated in the study of semi-homogenous production structures
(Shephard [1974]) and the laws of return (Shephard and Fare [1974]), the
assumption of strong-disposability and convexity is not necessary to obtain
meaningful results. Thus it appears to be of interest to investigate the
duality between the cost and production structures under only the weak
axioms of Shephard [1974]. This will be the aim of this report.

For completeness sake, Shephard's weak axioms of production will be
given in the remainder of this section. Section 2 states the mathematical
concepts and results needed later on. In Section 3, a generalized notion

of cost is introduced and is then used to derive a theorem on the duality

between the cost and distance functions of production correspondences.




e e R R R Tl ook T s L s i

(1.1) Shephard's Weak Axioms on Production

A production technology transforming inputs x € ]ﬂ: into net outputs

n
R,

u € ]ﬁt is modelled by an input correspondence L : Iﬂ:-+ 2 where

the input level set L(u) denotes all input vectors which may yield

output u . The input correspondence L satisfies the following proper-
ties:(l)
L.1 L(0) = R} , and 0 &L(s) for u>0 .

L.2 For {llukll} 40 . N L(uk) is empty.
k=1
L.3 If x€L(u) , A+ x €ELu) for A € [1,+=) .

L.4 If x>0 and (X+x) € L(u) , u > 0 , for some X € (0,4+=) ,
the ray {A+x | A € [0,4°)} intersects all input sets

L(8+u) for 8 € [0,+=) .
L.5 The graph of L 1is closed.

L.6 L(8+u) CL(u) for 8 € [1,+=) .

(1)

For a discussion of the significance of these properties, see, e.g.
Shephard and Fire [1974].
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. 2. LINEAR HOMOGENOUS FUNCTIONS

The mathematical concepts and results needed later on are stated in
this section. To keep this section unclustered, proofs of propositions

H will be given in the Appendix.

(2.1) pefinition: A function £:R" -~ R} is linear homogenous if

for all (A,x) € R}» x R, f(hex) = A-f(x) .

(2.2) Definition: The norm of a linear homogenous function £ is
defined by ||f|] := sup {£x)/||x]| | x € R IART: [E]l] < += ,

f is said to be bounded.

Because of homogeneity, it is clear that ||f|| may be alternatively

expressed as:

£ (x) f(x)

: A e TR g 31 TT

For linear homogenous functions £ and g , and scalar o , addition,

4
f f + g , and scalar multiplication, a+f , are defined respectively by:

‘ x + (f+g)(x) : = £(x) + g(x) ;
] (2.3)

x > (af)(x) : = a-f(x) .

E With (2.3), it is clear that the space of linear homogenous functions is

0.

a normed vector space with origin f

@)

v T . Y

| denotes both the norm of a function and the Euclidean norm of

vectors in ]Rn .

L e T SO Sy T A BT Tl iy N AW E R ¢ S A e




(2.4) Proposition: The space H of bounded continuous linear homogenous

functions on R" 1is a Banach space.

We shall be mainly concerned with a subclass of H , namely, the

class of nonnegative bounded continuous linear homogenous functions:

(3)

H+ :={fen |t > 0} . The class H, has rather interesting geometric

+
properties. To see this, several definitions are needed; the terminology

basically follows that of Arrow and Hahn [1971]:

(2.5) Definition: For a set S C R" and points x , y €S , x is

visible in S from y if Asx + (L-A)*y €S for each A € [0,1]

(2.6) Definition: A set S in 'Rn is star-shaped (with center x°)

if x°€S and every point in S is visible from x° .

The gauge function p(- l xo,S) centered at xo for a set S C I{l,
xX°€s , is defined for all x € M[S](a) as: p(x ] xo,S) := Inf (A | A>0,

X+ x-x")/r €58} .
(2.7) Definition: A set S in RY s nonedged if for each x € 38(5),

the point x is the only element of the intersection {XA-x | A > 0}lNas.

(2.8) Proposition: If £ is a nonnegative bounded continuous linear

homogenous function on R® , i.e., f € H, , then there exists a

closed, nonedged and star-shaped set S (centered at 0) with

Pe>0 1f £x) >0 forall xe & .

(A)M[S] denotes the subspace of RrR" spanned by S .
(5)

38 denotes the boundary of the set S .




(6)

* 0 € int(S) such that f 1is the gauge funcfion of S centered

at 0. Conversely, if S 1is a closed, nonedged and star-shaped set
(centered at 0) with O € int(S) , then its gauge function centered

at 0 belongs to H+ .

(2.9) Proposition: Suppose a closed set S in R" satisfies
(1) 0&S ; and (i1) y€S and A >1 imply A-y €S ; then
for every point x° &€s , x° # 0 , there exists a bounded continuous
linear homogenous function f & H+ such that f(xo) < f(y) for
every y €8 ; in fact, f may be chosen such that 0 < f(xo) <

Inf {£(y) |y € S} .

Proposition (2.8) gives the geometric property of functions in the space
H+ . The "separation'" proposition (2.9) is instrumental for the proof
in the next section. Note that it is quite similar to the separation

] - theorem involving linear functiomals (hyperplanes) and convex sets.

‘ (6)1nt(S) denotes the interior of set S .
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3. GENERALIZED COST FUNCTIONS AND DUALITY

Since the technology modelled here has multiple outputs, it cannot
be represented by the usual production function. However, it is con-
venient to have a functional representation of the production corre-
spondence. The "distance" function is defined for this purpose. And
the duality theorem to be derived in this section is given in terms of

the distance function and a generalized cost function.

(3.1) Definition (Shephard [1970]): The distance function V¥ :]ﬂ: x ]ﬂ: - ]{F

Rn

4
for an input correspondence L: R$ + 2 is given by

0, if L(u) =0 ;
(u,x) > ¥(u,x) : =0 , if L(u) # 9, {6°x | 6 20} NL(u) =0 ;

{Inf (A | A >0, Aex€ L(w}™ , if otherwise.

The relationship between the distance function ¥ and the input corre-

spondence L 1is given by the following:

(3.2) Proposition (Shephard [1970]): For all u € mf, L(u) =

{x € ]R_t: | ¥(u,x) > 1} .

The cost of production is usually given in terms of nonnegative price vectors.

Formally, the cost function is defined as a mapping Q: lﬁ: x ]{i - ES_,
(u,p) + Q(u,p) : = Inf {p*'x | x € L(u)} .

The underlying assumption of the above definition is the existence of
competitive markets for the inputs and that the producer is a price-taker.
When the producer is a monopolist, or when competitive markets do not exist,

a more general definition of "cost" is needed. However, it seems reasonable

to postulate that "cost'" rises proportionately with the usuage of inputs.
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N Hence, the following definition:
. (3.3) Definition: The generalized cost function K :nﬂ: *xH + R,
n

R
+
for an input correspondence L : Ri »> 2 is given by:

1 +o if L(u) =9 ;
(u,£) » K(u,f) : =
: Inf {f(x) | x €L(u)} if L(u) # @ .
Note that mathematically, the cost function Q is a special case of the
general definition. Furthermore, the above definition covers the situation
where evaluation of input expenditure depends on the mix (the combination)
of the input vectors.

Properties of the generalized cost function is given in the next
proposition. They are quite similar to those of the usual cost function

Q (see Shephard {1970, Proposition 22]):

(3.4) Proposition: The generalized cost function K has the following

properties:

(K.0) If £=0 or u=20, K(u,f) = 0.

(K.1) K(s,A*f) = \-K(s,f) , A € R .
(N
(K.2) K(u,f) > K(u,g) 1if £ > g .
(K.3) Given u € ]ﬂ:, K(u,*) 1s a concave function on H+ .

(K.4) Given u € m:, K(u,*) 1is a continuous function on H+ .

(R.5) K(Aeu,f) > R(u,f) , 2 € [1,+=) .

(8)

P (K.6) Given f > 0 , K(+,f) 1is l.s.c. on ]ﬁ: .

Mg yg 16£ (£-p) €8, .

B¢ >0 1£f £(x) >0 for all x € R\ {0} .
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. Proof:
Items K.0, K.1, K.2 and K.5 follow from the definition of K and
Shephard's weak axioms on L .
To show K.3, let f , g €& H+ and 6 € [0,1] . Let h:=6-f + (1-8)-g . é

Then for every x € L(u) , L(u) # @, h(x) = 0-£(x) + (1-8)+g(x) >

8+K(u,f) + (1 -06)K(u,g) . If L(u) =0 , K(u,f) = K(u,g) = K(u,h) = += .

v

Hence K(u,*) 1is a concave function on H+ .

b U ¢

! To show K.4, extend the definition of K to all of H . Using the
argument above, it is easy to see that given u € ]ﬂi, the extended
K(u,*) function is concave on H , hence continuous on H ; consequently
K(u,*) 1is continuous on the restricted domain H+ .

To show K.6, consider arbitrary f € H+ , £ >0 and infinite sequence
{uk} C lft , uk >u® . If 1lim inf K(uk,f) = 4= , then clearly
1lim inf K(uk,f) > K(uo,f) . So suppose the sequence {K(uk,f)} is bounded.
For arbitrary ¢ > 0 , for all k there exists (by definition of K(uk,f))

an input xk € L(uk) such that f(xk) < K(uk,f) + & . The fact that f

is continuous and f > 0 implies that the sequence {xk} is bounded.

Hence there exists a convergent subsequence (x3} € {x*} with xJ »x°
Then, by L.5 of Shephard's axioms, x° e L(®) . Clearly K(uo,f) < £(x%)
< lim inf K(uk,f) + e . Letting € + 0 , the lower semi-continuity of
K(+,f) 1is established. Q.E.D.

We are now ready to establish the duality theorem. The method of

proof follows rather closely that of Shephard [1970, Proposition 44]:

(3.5) Theorem: The generalized cost function K and the distance function

Y 4is related by: for all u € R: ,

e T




(3.5.1) K(u,f)

n .
Inf {£(x) | x€ R, , ¥(u,x) 21}, £E€EH_;

(3.5.2)  ¥(u,x) = Inf {£(x) | £€ H_, K(u,f) > 1} , x € R .

Proof:

In view of Proposition (3.2), (3.5.1) is only a restatement of the
definition of K .

If L(u) =0, ¥Y(u,x) = 0 for all x & R: and K(u,f) = +=
for all f €H_. By taking the norm ||£]] arbitrarily small, we
see that for all x & ]{: , Inf {f(x) [ f e H+ , K(u,f) > 1} =0 ;
establishing (3.5.2) for the case of u with L(u) empty.

If u=0, L(u) = 'm: - Then clearly for all f€H_, K(u,f) = 0
and for all x € R} , Y(u,x) = +» . Thus (3.5.2) holds also for the
case u =0,

*
Now consider u > 0 with L(u) # # . Define the function VY (u,*)

*
and the set L (u) by

W*(u,x) := Inf {f(x) | £ € H o, K(u,£) > 1} ;

L*(u) 1= {x € R: \!'*(u,x) 1} .

nv

We shall show that L(u) CL'(u) and L' (u) CL(u) .

Suppose L e L(u) . By the definition of ?* , there exists for
each ¢ > 0 a function £% € H+ and K(u,fs) 2 1 such that
V*(u,xo) +e> £5x°) . Fix arbitrary 9 > 0 and let £2 1= 9.£% |
Then by K.1, K(u,f°) = 8°K(u,f%) , which gives f° = £°/6 =

(K(u, £ /K (u,£°))+£° . Thus
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;
3
7
i .
€, 0 K(u,f%) o, _ K(u,f%) 0 e
/ £ (x7) = -——4—3—~ £F)(x7) = ———4—3—- £(x7) > K(u,f7) > 1.
é . K(u,f") K(u,£7)
1
¥ * o o *
By taking ¢ arbitrarily small, we have V¥ (u,x ) >1, hence x €L (u)
*
establishing L(u) C L (u)
i To show the converse inclusion, suppose x° & L{u) , x° #0 .
Because of Axioms L.l, L.3 and L.5, the hypothesis of Proposition (2.9)
! is satisfied for the set L(u) . Hence there exists f € H+ such that
o 9) * * o
0 < £(x) < K(u,f) . Let f := £f/K(u,f) . Then £ (x) <1 . Now,
* * o % o
by K.1, K(u,f ) =1 . Hence ¥ (u,x ) < f (x') <1, implying that
% *
x° €L (u) . 1If x> =0 , clearly - L(u) and L eL (u) . Hence
*
L (u) C L(u)
*
Finally, we shall establish that in fact V¥ (u,x) = ¥(u,x)
*
Using the fact that L(u) €L (u) , we shall show that for all
*
. x € ]{: , ¥ (u,x) > ¥(u,x) . There are two cases to eliminate:
*
(a) ¥(u,x) > ¥ (u,x) =0 ; and
*
(b) ¥u,x) > V¥ (u,x) >0 .
* -
For case (a), suppose W(u,xo) > ¥ (u,xo) = 0. Let A:= [W(u,xo)] 1, 0 . By
the homogeneity of ¥(u,*) (see Shephard [1970], Proposition 16), W(u,k-xo) =1,
o * * o
Hence A-x € L(u) CL (u) , implying that ¥ (u,A*x ) > 1 . It is clear
* * o * o
from the definition of ¥ that V¥ (u,A*x ) = A*¥ (u,x ) . Hence
*
¥ (u,xo) > 1/x > 0 , a contradiction. For case (b), suppose W(u,xo) >
* -
¥ (u,xo) >0 . Again, with A := [W(u,xo)] 1 , we argue as above to get
* * *
¥ (uyhex®) = Ae¥ (u,x°) 21 = Ae¥(u,x°) , or ¥ (u,x°) 3 ¥(u,x°) ,
s a contradiction.

(9)That f(xo) > 0 1s clear from the proof of Proposition (2.9) given
in the Appendix.




11

*
Next, using the fact that L (u) C L(u) , we may establish analogously

*
that ¥(u,x) > ¥ (u,x) and our proof is then completed. Q.E.D.

(3.6) Remark: In the definition of the generalized cost functions, we
tried to limit the class of cost functions to those generated by
nonnegative bounded continuous homogenous functions. However, H

is still a rather large class of functions. Whether there are smaller

classes of cost functions which still maintain the duality between
the cost and distance functions (under Shephard's weak axiom) is

an open question.
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APPENDIX

Proof of Proposition (2.4):

It is clear from definition that H 1is a normed space, so it remains
to show that H is complete. Let (fk} be a Cauchy sequence in H .
For every x € R ,'{fk(x)} is then a Cauchy sequence of real numbers
which has a limit. Let the limit be denoted f£f(x) . The function x -+ f(x)
defined this way is clearly homogenous: for i € Ed; , E(Ax) = lim fk(kx) =
lim A-fk(x) = \elim fk(x) = A+f(x) .

Since fk's are continuous, {fk} converges to f wuniformly on

the unit surface I := {x € R" | |1x|| = 1} . Then for arbitrary ¢ > 0 ,

there exists integer K such that if m > K, |f(x)-—fm(x)| < e for all

X €T . Thus, for a fixed m €K and all xE€T , [f(x)] = |f(x)-—fm(x)4-fm(x)|

< |f(x)-—fm(x)|-+|fm(x)I_i (ei—lfml)-|x| . That is, f 1is a bounded
homogenous function.

Finally, the continuity of f follows from the fact that: if {xk} + X
£ - £ ] = £ = £ G +£ 6 - £ D) +£ GO £ < [£65) -
fm(xk)i + ifm(xk)-fm(xo)l + Ifm(xo)-f(x°)| which converges to zero as

m, k go to += . Q.E.D.

Arrow and Hahn [1971] called a set S strictly star-shaped (with

center xo) if there is a relative neighborhood N of x° such that

every point of S is visible from every point of N . They showed that the
gauge function (centered also at xo) for such a set S 1is continuous.
Since we do not pre-suppose that 0 € int(S) , our proof of continuity of
the gauge function uses the notion of "mon-edged-ness" rather than strictly

star-shaped (with center 0).

o



. Proof of Proposition (2.8):

Suppose f € H+ . Consider the lower level set of f at value 1
defined by S:= {x € R" | £(x) <1} . We shall show that the set S

is the desired set.

Firstly, 0O € S since f(0) = 0 . Next, we note that the gauge
function of S (centered 0) is f itself: p(x | 0,8) = Inf {) l X>0,
x/A €8} =1Tnf {A | A >0, f(x/A) <1} =1Inf {A | A >0, £(x) £ A} = f(x) .

That the set S 1is closed follows from the continuity of f . Clearly,
S 1is star-shaped with center 0. Since if it is not so, there exists
x€S and x not visible from 0. That is, exists 6 € (0,1) such that
8*x € S . This implies f£f(8°x) > 1 , contradicting the homogeneity of f .

Next,‘contra—positive argument is used to show that S is non-edged.

1 |

Suppose there exists x°€s and AER ’ Aex® $ x° such that the points

+

x> and A-x° both belongs to 09S (the boundary of S). Without loss

of generality, assume X > 1 . Since S is closed, 35 CS implying that

f(xo) < f(k-xo) 1. Since x° € 38 , there exists an infinite sequence

(*)
k} c st such that xk - xo . Note that f(xk) > 1 whereas f(xo) <1

{x
resulting in the contradiction that f 1is not continuous at x° .

Finally, suppose 0 €& int(S) . Then there exists an infinite sequence
(x*} € s wieh ||x¥|| + 0. since £ > 1 for all k, £(x5)/|{x*]] >
1/l|xk|| + 4+ , implying that ||f|| is not bounded, a contradiction.

Thus S 1is a closed, non-edged and star-shaped set (centered at 0)

with 0 € int(S) whose gauge function (centered at 0) is f , establishing

the first part of proposition.

*
( )sc denotes the complement of S .

- o ——— e W

w"
- LY
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To show the second part, let S be a closed, non-edged and star-
shaped set (centered 0) with O € int(S) . For simplicity, denote the
gauge function of S (centered 0) as p . That p 1is linear homogenous
and p(0) = 0 follows from the definition of gauge functions. So, we
only have to show that p 1is a bounded continuous function.
Suppose p 1is not bounded. Then there exists an infinite sequence
{xk} such that ek t = p(xk)/|!xk|| + 4o ., Since S 1is closed, star-
shaped (centered at 0) and 0 € int(S) , it is easy to verify that
s={x€ R"| p(x) <1} . By the homogeneity of p , p(2~xk/ek'l|xk||) =2 .

k

Hence, for all k , y := 2x*/6%. |xkl| € S . The fact that Ilyk|| -0

implies O is not an interior point of S , a contradiction. Thus p is
a bounded function.

If s = Igl, then clearly p = 0 and thus continuous. So, suppose
S # R". To show the continuity of p , we shall show that p 1is both
lower and upper semi-continuous. The lower semi-continuity of p follows
from the fact that the sets {x | p(x) <yl = yedx | p(x) < 1} = y*S are
closed for all y > 0 and that {x | p(x) Syl=0 if y <0,

Now, let (xk} be an arbitrary infinite sequence converging to <°
We may as well assume that for some B > 0 , ||xk|| <B for all k.

Since p is bounded and not identically zero, O<||p||=: N < 4= .
K

P> p(xk/NB) ¢ 1 implying that (xk/NB) €S for all k . Furthermore,

kall < N*B . Then by homogeneity of

Heace for all k , p(xk) <llp

(xk/NB) > (xo/NB) . For ease of notation, denote zk i = xk/NB .

k=0,1, ... . Suppose o0 := lim sup p(zk) > p(zo) . Then for arbitrary

a € (p(zo),o) s @ > 0 and there exists an infinite subsequence ="} ¢ {zk}
with p(z"/a) >1 and p(z%/a) <1 . 1In other words, 2°/a €S while

2®/a €S for all m . The fact that z"/a + z°/a implies that 2°/a ]
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is in the boundary 3S . However, this is true for every a belonging

to the nontrivial interval (p(zo),o) . Hence S 1is not non-edged; a
contradiction. Thus 1lim sup p(zk) < p(zo) and consequently
lim sup p(xk) < p(xo) . Since {xk} was arbitrarily chkosen, p 1is

u.s.c. Q.E.D.

Proof of Proposition (2.9):

Let S satisfy conditions (i) and (ii) and X ¢&s , x° # 0 . Since
S 1is closed, there exists open balls Bs(xo) and BO(O) (radius ¢ and
center x° , radius o and center 0 respectively) such that Be(xo) NS =
BO(O) NnNs=29.

Define the set W:= {x € R" | x = \z for some z € B (x®°) and
A€ [0,1]} . Note that WNS =@ . This is because if y €W NS
(y # 0 because of (i)), there must exist © > 1 such that 6:y € Be(xo) .
But by (ii), 6°y € S ; contradicting the fact that Bs(xo) NnNs =9 .

Now let 50/2(0) be the closed ball with radius o/2 centered at 0.
Let A := Closure [W N EO/Z(O)] . Finally, define the set B: =Conv[{x°}lJA] U
50/2(0) whose Conv [*] 1s the convex hull of the set in the argument.
Clearly BCWU BE(O) , hence BNS =@ . Furthermore, it is straight-
forward to show that B is closed, non-edged and star-shaped (centered at 0)
with 0 € int(B) . Also, there exists B8 < 1 such that for all z € S ,
Max {A| Xz , z€ B} < B .

Then by Proposition (2.8), the gauge function p of B (centered at 0)
is a nonnegative bounded continuous linear homogenous function. And p(z2) > 1

for all z €S ; in fact Inf {p(z) | 2€ S} > 1/ > 1 . On the other hand,

x°eB , hence p(xo) <1 and p(xo) >0 since x° 0 . Q.E.D.
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